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Abstract
We define a certain differential system on an open set of R6. The system
locally defines a Lorentzian 4-manifold satisfying the Einstein equations. The
converse statement is indicated and its details are postponed to the furthcoming
paper.
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Let U be an open subset of R6. Suppose that on U we have six 1-forms (Λ, F, F¯ ,
T, E, E¯) which satisfy the following conditions
i) Λ, T are real- and F,E are complex-valued 1-forms
ii) Λ ∧ F ∧ F¯ ∧ T ∧ E ∧ E¯ 6= 0 at each point p of U
iii) there exist complex-valued 1-forms Ω and Γ on U , and a certain complex func-
tion α on U such that
dF = (Ω− Ω¯) ∧ F + E ∧ T + Γ ∧ Λ
dT = Γ¯ ∧ F + Γ ∧ F¯ − (Ω + Ω¯) ∧ T (1)
dΛ = E¯ ∧ F + E ∧ F¯ + (Ω + Ω¯) ∧ Λ
dE = 2Ω ∧ E + F¯ ∧ T + αΛ ∧ F.
The aim of this paper is to prove that we can associate to such U a Lorentzian 4-
manifold that satsifies the Einstein equations. The proof will be a direct consequence
of the following sequence of (very simple) Lemmas.
Lemma 1
If (Λ, F, F¯ , T, E, E¯) satisfy (1) then there exist complex functions a, h on U and a real
constant λ such that
dΓ = 2Γ ∧ Ω¯ + α¯T ∧ F + a¯(T ∧ Λ− F ∧ F¯ ) + hΛ ∧ F¯
dΩ = E ∧ Γ¯− (α +
λ
2
)(T ∧ Λ + F ∧ F¯ ) + aΛ ∧ F. (2)
The proof of this Lemma is straightforward but lenghty. It is performed by imposing
conditions
d2Λ = d2T = d2F = d2E = 0 (3)
on the system (1) and by using the independence condition ii). Application of (3)
implies the possible forms of dΓ and dΩ. Use of
d2Γ = d2Ω = 0 (4)
shows, in particular, that λ must be a real constant. ✷
There are also other equations that are implied by (3)-(4). They carry information
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about the differentials of α, a, h and about the decompositions of Γ and Ω onto the
basis 1-forms (Λ, F, F¯ , T, E, E¯). Explicitely we have
dα = −2aE − γ¯3T + γ¯1F¯ + sF − wΛ,
da = h¯E − (3α+ λ)Γ¯− 2aΩ+ sT − wF¯ + rF − tΛ, (5)
dh = −4hΩ¯ + 4a¯Γ− r¯T + t¯F − uΛ + vF¯ ,
where the possible forms of Ω and Γ are
Ω = −ω1Λ + ω2F + ω3F¯ + ω4T, (6)
Γ = γ1Λ + 4ω¯1F − γ3F¯ − 4ω¯2T − (3α¯+ λ)E¯.
Here γ1, γ3, s, w, r, t, u, v, ω1, ω2, ω3, ω4 are certain complex functions on U .
Note that the differential system (1), (2), (5), (6) is still not closed. For example, the
equations of the sort d2α = 0 should be still imposed.
Lemma 2
U is locally foliated by 2-dimensional manifolds Sx, which are tangent to the real
distribution V defined by
Λ(V) = F (V) = T (V) = 0.
Here the proof is an immediate application of the Froebenius theorem, since the forms
(Λ, F, F¯ , T ) form a closed differential ideal due to the relations (1). ✷
Let us define
G = FF¯ − TΛ (7)
on U . G constitutes a degenerate metric on U . It has the signature (+,+,+,–,0,0).
Lemma 3
G is constant along any leaf Sx of the foliation {Sx}.
To proof this we define a basis of vector fields (Y, f, f¯ , X, e, e¯), which is the respective
dual of (Λ, F, F¯ , T, E, E¯). Then we notice that the distribution V is spanned by vector
fields of the form
V = Ue + U¯ e¯,
where U is any complex function on U . Using an arbitary V and the explicit form of
G one easily finds that LVG = 0 due to the equations (1) and the properties of the
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Lie derivative LV . ✷
Now, we introduce an equivalence relation ∼ on U which identifies points lying on the
same leave of {Sx}. We assume that the quotient space M = U/ ∼ is a 4-manifold.
According to Lemma 3, G projects down to a well defined nondegenerate Lorentzian
metric g on M.
Theorem 1
The Lorentzian metric g on M = U/ ∼ satisfies the Einstein equations Rij = λgij
and is not conformally flat.
Proof.
To proof the theorem, we first consider a 4-dimensional submanifold M′ of U that
is transversal to the leaves of {Sx}. We have a natural inclusion ι : M
′ →֒ U .
M′ may be equipped with a Lorentzian metric g′ = ι∗G. It is clear that (M, g)
and (M′, g′) are locally isometrically equivalent. Thus, we may represent (M, g) by
(M′, g′). In this way, it is enough to show that g′ satisfies the Einstein equations.
To do this, we first observe that g′ = ι∗(F )ι∗(F¯ ) − ι∗(T )ι∗(Λ). Thus, a set of forms
θi = (ι∗(F ), ι∗(F¯ ), ι∗(T ), ι∗(Λ)), (i=1,2,3,4) constitutes a null cotetrad for g′. To
calculate the curvature we need to know dθi. But these, due to the fact that ι∗d = dι∗,
are given by the realtions (1). To simplify the notation, we will omit the signs of the
pullback ι∗ in all of the formulae. On doing that we find that the connection 1-forms
for g′ determined by the equations
dF = −Γ1
1
∧ F − Γ1
3
∧ T − Γ1
4
∧ Λ
dF¯ = −Γ2
2
∧ F¯ − Γ2
3
∧ T − Γ2
4
∧ Λ
dT = −Γ3
1
∧ F − Γ3
2
∧ F¯ − Γ3
3
∧ T
dΛ = −Γ4
1
∧ F − Γ4
2
∧ F¯ − Γ4
4
∧ Λ
gikΓ
k
j + gjkΓk i = 0, gij =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0


read
Γi j =


Ω¯− Ω 0 −E −Γ
0 Ω− Ω¯ −E¯ −Γ¯
−Γ¯ −Γ Ω + Ω¯ 0
−E¯ −E 0 −Ω− Ω¯

 .
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The curvature Ri j = dΓ
i
j + Γ
i
k ∧ Γ
k
j of this connection can be calculated using
the relations (1), (2). Modulo the obvious reality conditions its components read as
follows.
R1
3
= αF ∧ Λ− F¯ ∧ T
R1
4
= −α¯T ∧ F + a¯(Λ ∧ T + F ∧ F¯ ) + hF¯ ∧ Λ
1
2
(R3
3
+R1
1
) = (α¯ + 1
2
λ)(Λ ∧ T + F ∧ F¯ ) + a¯Λ ∧ F¯ .
These should be compared with the definitions of the spinorial coeficients of the Weyl
tensor Ψµ, µ = 0, 1, 2, 3, 4, the traceless Ricci tensor Sij and the Ricci scalar R given
by
R1
3
= Ψ¯4F¯ ∧ T + Ψ¯3(Λ ∧ T − F ∧ F¯ ) + (Ψ¯2 +
1
12
R)Λ ∧ F
+1
2
S33F ∧ T +
1
2
S32(Λ ∧ T + F ∧ F¯ ) +
1
2
S22Λ ∧ F¯ ,
R1
4
= (−Ψ2 −
1
12
R)F ∧ T −Ψ1(Λ ∧ T + F ∧ F¯ )−Ψ0Λ ∧ F¯
−1
2
S22F¯ ∧ T −
1
2
S42(Λ ∧ T − F ∧ F¯ )−
1
2
S44Λ ∧ F,
1
2
(R3
3
+ R1
1
) = −Ψ3F ∧ T + (−Ψ2 +
1
24
R)(Λ ∧ T + F ∧ F¯ )−Ψ1Λ ∧ F¯
−1
2
S32F¯ ∧ T −
1
4
(S12 + S34)(Λ ∧ T − F ∧ F¯ )−
1
2
S41Λ ∧ F.
Looking at these equations we easily get Sij = Rij −
1
4
Rgij ≡ 0. This proves the
Einstein property of the metric.
The spinorial coeficients for the Weyl tensor are also easy to obtain. They read
Ψ0 = h, Ψ1 = −a¯, Ψ2 = −α¯−
λ
3
, Ψ3 = 0, Ψ4 = −1.
Due to the nonvanishing of Ψ4 the metric is never conformally flat.
We can also interpret the constant λ which for the first time appeared in equations
(2). One easily reads from the above that it is proportional to the Ricci scalar R = 4λ.
This concludes the proof of the Theorem. ✷
We, additionally, note that the metric is of the Cartan-Petrov-Penrose type D iff
a = 0, and h = −(3α¯ + λ)2 (8)
and of the type N iff
h = a = 0, and λ = −3α¯. (9)
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The metric is algebraically special iff I3 = 27J2, where
I = −h +
1
3
(3α¯+ λ)2, and J = a¯2 +
1
27
(3α¯ + λ)3 +
1
3
h(3α¯ + λ).
The converse of the present paper can be stated in the following theorem (see Ref.
[3] for details).
Theorem 2
LetM be a 4-dimensional manifold with a Lorentzian metric g satisfying the Einstein
equations Rij = λgij. Then, there exists a double branched cover P˜ of the bundle of
null directions P over M [4, 5]
i) which is a fibration over M with fibers being 2-dimensional tori (or, in alge-
braically special cases, their degenerate counterparts [3])
and
ii) on which there exists a unique system of 1-forms (Λ, F, F¯ , T, E, E¯) which satis-
fies the following three conditions
i) Λ, T are real- and F,E are complex-valued 1-forms
ii) Λ ∧ F ∧ F¯ ∧ T ∧ E ∧ E¯ 6= 0 at each point p of P˜
iii)
dF = (Ω− Ω¯) ∧ F + E ∧ T + Γ ∧ Λ
dT = Γ¯ ∧ F + Γ ∧ F¯ − (Ω + Ω¯) ∧ T
dΛ = E¯ ∧ F + E ∧ F¯ + (Ω + Ω¯) ∧ Λ
dE = 2Ω ∧ E + F¯ ∧ T + αΛ ∧ F.
with certain complex-valued 1-forms Ω and Γ, and a certain complex func-
tion α on P˜.
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